Abstract. The study of biharmonic functions under the ordinary (Euclidean) Laplace operator on the open unit disk D in C arises in connection with plate theory, and in particular, with the biharmonic Green functions which measure, subject to various boundary conditions, the deflection at one point due to a load placed at another point. A homogeneous tree T is widely considered as a discrete analogue of the unit disk endowed with the Poincaré metric. The usual Laplace operator on T corresponds to the hyperbolic Laplacian. In this work, we consider a bounded metric on T for which T is relatively compact and use it to define a flat Laplacian which plays the same role as the ordinary Laplace operator on D. We then study the simply-supported and the clamped biharmonic Green functions with respect to both Laplacians.
Introduction
Let ∆ E be the ordinary Laplace operator in the complex plane, so that for a C 2 function f on some domain in C , ∆ E f = f xx + f yy = 4f zz .
(1.1)
When restricting to functions in D = {(x, y) ∈ R 2 : x 2 +y 2 < 1} (which we identify with {z ∈ C : |z| < 1}), this operator can be viewed as the Laplace-Beltrami operator with respect to the Euclidean metric ds
On D there is also the Laplace-Beltrami operator ∆ H relative to the hyperbolic (Poincaré) metric 
. While the sets of hyperbolic and Euclidean harmonic functions are the same, the analogous two sets of biharmonic functions are different.
The Euclidean biharmonic functions arise in connection with various physical problems, such as the deflection of a thin plate, elasticity, and radar imaging (see [4] and [20] Corresponding to each of the above two Laplacians on D, we can define the biharmonic Green functions Γ S (z, w) and Γ C (z, w) called, respectively, the simplysupported and clamped biharmonic Green function. They both have the property that the bilaplacian applied in the z-variable gives a point mass at w, and both vanish as z tends to any point of the unit circle. The function Γ S has the additional property that the Laplacian applied to it in the first variable tends to 0 at each point of the unit circle, whereas the normal derivative of Γ C in the first variable vanishes on the unit circle. Here, the normal derivative is defined with respect to the Riemannian metric [23, page 16]. All four of these biharmonic Green functions exist and are unique (see [23] ). In the case of the Euclidean metric, if D represents a thin plate, then both biharmonic Green functions at (z, w) represent the resulting deflection at z due to a unit load at w. In both cases the edge of the plate remains fixed. In the clamped case the plate is horizontally welded at the edge, while in the simply-supported case the edge of the plate is merely resting on a support so that the slope there can change.
Discretizations of many classical problems in harmonic analysis, potential theory, geometry, functional analysis, and differential equations on fractals have been considered. Some developments include, among many other works, [5] [24] .
In this paper we consider on a homogeneous tree analogues of the simplysupported and clamped biharmonic Green functions. A homogeneous tree under the distance that counts the number of edges between two vertices is widely regarded as a discrete analogue of the hyperbolic disk in the complex plane. The resulting Laplacian (which is the one most commonly used) defined as the averaging operator minus the identity is invariant under the action of the isometries on the tree. Hence, we call this invariant Laplacian the hyperbolic Laplacian. Both hyperbolic biharmonic Green functions on a tree are straightforward to calculate (Corollary 1.1).
Most of the paper is dedicated to the more difficult task of studying the analogues of the Euclidean biharmonic Green functions on the tree. For this purpose
